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\ Analyzing Properties of Compact _ Charged Astronomical object Using §
§ Theory of General Relativity \
§ We can list our training tasks as: %
§\: [ntroduce a case study in physics, specially in cosmology or gravity. \é\ ,
f/\ 1. Whatis the interest in this case? (Compact objects like BH open new area /
/ of discussion where many physical concepts discussed) ;f
//// 2. What we get from its discussion? (We can describe the prop of BH and give 4
' \ a model how it may communicate with its surrounding) o
\§ 3. What scientific background do you need to make this study? (GR and N\
§ Differential geometry) §
g»} — y \
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Analyzing Properties of Compact _ Charged Astronomical object Using
Theory of General Relativity

We can list our training tasks as:

How we can discuss this case.

1. Collect all possible models or data from previse work.

. Define the initial conditions, those may used in our model.

. Put/Find theoretical model that may used in the model.

. Build an automated code (Mathematica code) that aim to reduce the human
error in calculations, push the process to work fast, link all model items with
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each other; as if you change the initial conditions all results and calculations
change
5. Compare the new model with previse studies and represent results in graphs to

see they behavior.
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Compact Charged Astronomical Object

Properties of this Object

 It's charged astronomical objects.

* This type has a quit large mass >
1.4 M.

» 'We suppose that, it’s a static object.

« Examples of this type of object are
White dwart and Black holes.




Compact Charged Astronomical Object

Why this type?

One of the most accepted ideas in Astrophysics discuss the creation of black hole say that:

“The most massive stars, with
=8 Mg , will” never become
white dwarfs. Instead, at the end
of their lives, white dwarfs will
explode in a violent supernova,
leaving behind a neutron star or
black hole”

EHT take the 1t photo of Black hole
(2022)

Note that black hole became reality
after LIGO project results and EHT

observations

BLACK
HOLE

So this study may introduce the
creation of black hole as a evolution in
Compact charged astronomical object,
and so discuss the properties of this
mystery object.

LIGO detect gravitational wave of two black hole emerging
(2019)



Compact Charged Astronomical Object

The potential field equations:

This object describe by: WHITE DWARF

o Electromagnetic field that

describes the electric charge e
properties.
by = 0uBy — 0yA, as A= {0,0,0,p} S

core

o Scalar field that describe the Crystalline

material

mass of this object.

Mass: 0.5-07 M , Radius:08-2rp

e

Cravitational
Pressure

Electron
Presslre

Densly packed
electrons balance
gravitational forces

spaffe fm



General Theory of Relativity

The Einstein field equations:

In the general theory of relativity, the Einstein field equations relate the
geometry of spacetime to the distribution of matter within it.

G.LW 1.2 KTuv
Thtg he matte
spacetime
show the show 2¢
matter how spacetime
to-move. how to

deform.




General Theory of Relativity

The spherical symmetric metric:

ds? = e?Y(Mqt?2- e2a(Mgy2. ¢2B()(d62%+ sin B2 dp?)
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General Theory of Relativity

The Schwarzschild metric:
/ Rs
T

2
ds? = C? (1= 2) dt?- = r2(d6?+ sin 62 d¢p?)




General Theory of Relativity

The Minkowski metric:

ds? = C?dt?-dr® -r*(d@?*+ sin 6% d¢?)




Define the field equations describe potential of this compact object.

Introduce the spherical symmetrical metric that will describe the Spacetime around this
object

We will take two different cases in order to discuss this metric.

We will define (y = —a) to discuss isometric coordinates, and (y = a + 2[) for
harmonic coordinates

Drive the LHS of Einstein field equation (Einstein metric) using the above
metric.

Drive the RHS of Einstein field equations (Stress energy tensor) using the field
equations.

Introduce a Mathematica code that can drive the solutions of Einstein field

equations, and present its solution graphically

Discuss the behavior of the spherical symmetrical metric with Schwarzschild and
Minkowski metrics

The steps of
our work



The 1sometric coordinates

The General equations:

Back Haole Fuzzlzall

y I (Gl "'-._

The term "isometric" N7
comes from the Greek for i
"equal measure”, :

reflecting that the scale
along each axis of the
projection is the same.

This type of coordinates is very
useful in describing, the very
massive objects.



General Theory of Relativity

The spherical symmetric metric in isometric coordinates:

ds? = e?YMqe2- e=2v(Mqy2. 2B (dH2%+ sin 02 dp?)

AXis ———— Outer

horizon
/ Inner(Cauchy)

horizon

elvir] 0 0 0
I %) e 2vIr] %) 0
""" 0 0 e2hlr] %

0 0 0 ~e?Plrl sin[e]?

Equatorial
plane \
Ring
singularity







The Christoffel symbols from the Code

The General equations:

/1 /4 1 Al agl,u agiv aguv Fl{zll} Y [r]
= —Q ( dxV a)(li B aXi ) T2 1, e*vIrl y[r]
[“2,2y —Y[r]
iy —ed NS g

The Output of Mathematica Code T°.4 -e* "Mt sin(o]2 B [r]

F3{4J4} - Cos [9] Slﬂ[@}

a2 B[r]

F4{413} Cot[O]



The Riemann tensor from the Code

The General equations:

levu
O s\ B2
dyV dy?

The Output of Mathematica Code

RY(2,2,1)
RY(3,3,1)
RY(a,4,1
R%(1,2,1)
R?(3,3,2)
R (2,4,2)
R%(1,3,1)
R%(2,3,2)
R (2,4,3)
R%(1,4,1)
R%(2,4,2)

R*(3,4,3)

2 ’[r‘]2+'~xf”[r‘]
3 [r] v [r]
€2 (BIr1+¥[r]) Sin[8]12 B’ [r] ¥’ [F]
e*Yirl (29 [r]2+ ¥ [r])
2 (BLrix(el) (g7 [r]2+ B [r] ¥/ [r] + 7 [r])
e Blri=xlrl) sin[e]? (B [r]2+ B [r] ¥/ [r] +B”[r])
e*virl grir] v [r]
2

- [r]

e2 (BIrl+x[r

e

=B [r]l ¥ [r] -B"[r]
sin[]2 (-1 +e2 Blrl=(rD) gr[p]2)
e VMl B [r] v [r]

-B’[r)% -

BIF] v [F] =B [r]

1 EEIJ[FJ Y[ [r't]2



The Riccil tensor from the Code

The General equations: 3
Ra)u = R wAu

The Output of Mathematica Code

R,y eIt (287 [r) v [r] + 2y [r]12 =y [r])
Ri2,2y -2f[r]?-23[r] ¥ [r] -2¥[r]?-203"[r] -¥"[r]
R(3,3) 1 -2 g2 (Blrl+v([rl) 3 |:r-]2 — 2 g2 (Blr]l+v[r]) BIr] ¥ Ir] - el (Blrl+y[r]) B r]

'E{_dl,il} -Sin [5]1 (_1 + 2 EE (B[r]l+y¥[r]) 3 [r.] 2 + 2 EE (Br]l+y([r]) 3 [r.] Y’ [r.] 4 'EE (Blr]l+¥[r]) En [r] )



The Ricci Scalar trom the Code

The General equations:

R = G""R,,

The Output of Mathematica Code

— .IF- ] [ ] . [ ] . . [ ] . [ ] . [ ] .
e 205 ] _EEET_P_ EI_FJE—EEET'P' .BI_FJ “E’I_I‘J _4E2:r_r*_ }’I_sz—ﬂ-EzT'F' ,BH_I"J _EEET_P_ “E’H_I"J



The Einstein tensor from the Code

The General equations:

1
Guv — Ruv — Eg,uvR
The Output of Mathematica Code
Grp,1y e 2Plr+2vir]l _3e4¥Irl grp)2-2e¥Ml 3/ [r] ¥ [r] -2e*¥I"] B[]
Gippy —e 2Plrlvirl) 4 3 ip12+2p [r] ¥ [r]
G3,3; e BlrI¥Irh) (prir]2+2p [r] v [r] +2Y [P]2+B7[r] +y”[r])

Ga,ay > BII¥IP) sin(6]2 (B [r]2+23 [Pl ¥ [r] +2¥ [r]2+B7[r] +y"[r])



The Einstein Field equations from the Code

The General equations:

Gy — KTy, =0

The Output of Mathematica Code

Eqn-'i,ll E—ES:P:—ET:P:_;;{{'T—I:;'_PJ_3E4T:r‘:IGI;FJE_ZEJJ-T:P:IB:-_FJ _F_:-_PJ_ZE::LT:F'_ IB”._I"'J
Eqnz_.z- _:E._E IE:P-_T:P_' _._}[{'T—j--FJ _IGI-FJE_ZIGI-FJ _HE___I-FJ
EQn (3,3~ 7o)+ EMIND (g p)2 287 () [r] + 2 [P)2 4 87 (P + (1))

qu"l.:,g,,,gr_; — K Tg _r"J 4 .EE (Blr]+v[r]) Sin _L_:JJE H.Sr -FJE ~ 2 Er _r"_] _F_r _l"_] ) "5’! '_r‘]z N E” _|""J N Y” _rlJ :



The y graphs from the Code

1 1 1 97
.{y[r] — ELog [—2 (_E T + %ﬂ}

0

It
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= Schwarzschild

— = Minkowski
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The a graphs from the Code
talr] » —ylrl}

e2a(r)

—— = Spherical symmetric
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The S graphs from the Code
Blr] = Log|r]}

L L L B ——

Metric
—— = Spherical symmetric

= Schwarzschild

— = Minkowski




Harmonic coordinates

The General equations:

a=y+2 0
In Riemannian geometry, a branch

of mathematics, harmonic

coordinates are a certain kind of  The well known property of the harmonie coordinates s that the eovariant divergence of a vector
coordinate chart on a smooth field and the d'Alambertian of a scalar field take a particularly simple form:

manifold, determined by a DA = g*5,A,,
. . . MDD Wa .
Riemannian metric on the 0" DuDut = 4700000
manifOld. The harmonic condition

a(yw®)=0



General Theory of Relativity

The spherical symmetric metric in harmonic coordinates:

ds? = e2¥M g2 20+2 B gyr2. 2B (d92+ sin 62 d¢?)

Xi§ ————= Outer
/hon'zon
Inner (Cauchy)
horizon ' @2 Y[r] @ @ e
........................ _@ 2(2Q[r\]+}/[r\]‘] @ 9
...................... @ ) @25“\] 9
0 0  -e’PlMlSin[o]?
singule?rity




The Christoffel symbols from the Code

The General equations:

1
’1 —1 Al aglﬂ 3Gy B 09,“, ey
/ Q dx” a)(“ Oyt I 1,1)
FZ
(2,2)
(3,3

The Output of Mathematica Code e

2 (3,2)
I°4,4)
4,2

I 4,3

y'[r]

et (Blr]+y(r]) Y [r]
-2 [r] -y'[r]
—ebhlrl+2vir] g/ 1p]
_(96;8[ |+2y[r Sln[e]z
B r]

-Cos[©] Sin[o]
pr]

Cot O]

prLr

]



The Riemann tensor from the Code

The General equations:

levu
LA 6 0T
aXV aXa)

) (Mol s =TT )
S

The Output of Mathematica Code

R1{2,2_,1}
R1{3_,3_,'l}
R*(2,4,1
R%(1,2,1)
R2{3,3,2}

R?(a,4,2)

2P ¥ [Pl +2y [r]2+y"[r]

e6BIrl+2y[r] BIr] ¥y [r]

e®PIrl+2¥irl Sin[e]2 B [r] v [r]

e (BIrl=vIrD) (28 [r] ¥ [r] +2y [r]12+y”[r])
e®PIr1+2¥Ir] (337 [r]2+ B/ [r] ¥ [r] + B [r])
e®Flrl2¥irl sin(e)? (387 [r)2+ B/ [r] ¥ [r] +B7([r])
e (BIr1=vIrD) B/ r] v [r]

~3p (P12 =B el Y [r] =B [r]

Sinf[e]? (-1 + e8Flri=2¥lr]l gr1pr]2)

e (BIr1=vIrD) Br[r] v [r]

-3p[r]2-3[r] ¥ [r]-B"[r]

1 — (ES,B[F‘] +2v[r] )8; [P] 2




The Riccil tensor from the Code

The General equations:

R,

_ pl
M_R wAu

The Output of Mathematica Code

Ri1,1y e BrIIrh (ap el v [r] + 2y [r]2+y" [r])

Ri2,2y -6B[r]1?-4pB[r] Yy [r] -2y [r]?-25"[r] -y [r]

E{H 3 1 _4IE5,'3[P]+2"3’[P] II.'_:S;I[F]E _ 2E5,l5[r"]+2"_;r’[r"] .B"[r‘] _E,;[r,] _ EE,‘E[F]+2‘;’[F] ."'E”[P]

Ria,ay -Sin[6]% (-1+4 e8BIrl+2vIrl pr1p]2 4 2 8BIPI2YIF] Br[p] 3/ [r] + @8 PIFI=2¥(r]

s
-y



The Einstein tensor from the Code

The General equations:

G

wv = Ry

1
v Eg,uvR

The Output of Mathematica Code

Gi1,1;
Gi2,2;
G(3,3)

Gia,a)

E—E,-‘E[r‘-]+2*,f[r‘j _7 *Ed (B[r]+y[r]) E.— [I"‘] 2

_E—E (3B[r]+¥[r]) + III3.-' [r.] 2 +2 IBI [F] Yf

e®Plri=2vlrl (33 1p]12 44 [Pl ¥ [r] +2Y [P]%+ B [r] +

=

e®Plri=2¥lrl sin[6]2 (357 [r]2 +4 3

-2 g (Blrl=¥Ir]) g7 1p]

—

[r]

(rl Yy [rl+2y[r]%+p"

~e
u



The Einstein Field equations from the Code

The General equations:

Gy — KTy, =0

The Output of Mathematica Code

(G111, -, Ty} e 2PF1s2YIr] _geq [p] -7 &* BITIHYIFT) r(p)2 2 2 ¢ BITHYITD) g [p) y [ ] - 2 € (RIFIHYIND) B [p)
(62,2, = Ty} - 2GRN ey [r) 4 B [P) 2+ 28/ [r] ¥'[r]

(63,3, - Tz} ~KTo[r] + P2V (38 (P12 448 [P] ¥ [F] + 29/ [P] 2+ B7[r] + Y [r] )

(Gaa1, - Tiagy)  -KT3[r] + P2V Sin 6]2 (3B [P]2+4 B [P] Y/ [P] +2Y [P) 2+ B[] +Y"[r] |



Graph of beta with r of GR 1n Spherical coordinates
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Graph of alpha with r of GR 1n Spherical coordinates
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Graph of gamma with r of GR in Spherical coordinates
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Summarize and future work

We build Mathematica code that can calculate, represent (equation and
graphically) and solve the Einstein field equations that very important in
the theory of general relativity.

The case study we use show a very match results old models.

We hope that in future we can describe the core of very heavy
astronomical objects like black hole (in cooperation with nuclear
structure group).

Also we hope to use this model with quantum information principles to
describe how black hole communicate with its surrounding.

Making mathematical modeling for electromagnetic wave propagation
inside some stars and we will try to analyze some affects on the Earth.
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