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Aim of the work

The project aims to study of the

behavior of the elastic scattering

differential cross section for

different energies and different

nucleon-target combinations

Derivation of expressions for:

a- partial wave expansion of a plane

wave.

b- relation between the elastic cross

section and phase shifts.

c- relation between the scattering

amplitude and the phase shifts

Digitizing experimental data from

the graphs of articles using GSYS

program and Importing data in

the NRV project for low energy

codes

Search for the optical potential

parameters which produce best fit

with the experimental data. And

finally Interpreting the results



The nuclear reactions:
A large fraction of our knowledge

about the internal structure of nuclei is

came from the nuclear reactions.
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z

incident plane 
waves (𝜓𝑖𝑛𝑐) 

Scattered
spherical waves

(𝜓𝑠𝑐𝑎𝑡)

In the center of mass frame, the problem of scattering between two particles (p and t) 
is reduced to the scattering of a particle of mass (µ) by a finite range central potential 
𝑉(r).
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The solution of this equation is:

where

, r ≫ 𝑎

𝜓𝑖𝑛𝑐 Ԧ𝑟 = 𝐴𝑒𝑖𝑘0𝑧.

𝜓𝑠𝑐𝑎 Ԧ𝑟 = 𝐴 𝑓 𝜃, 𝜙
𝑒𝑖𝑘𝑟

𝑟
.

𝜓 Ԧ𝑟 = 𝜓𝑖𝑛𝑐 Ԧ𝑟 + 𝜓𝑠𝑐𝑎 Ԧ𝑟 ,

(1)



When the potential is central, the scattered wave function don’t depend on (𝜙) and hence 𝑚=0. Thus:

The most general solution of the Schrödinger equation (1) is

𝜓 Ԧ𝑟 =
𝑢𝐸𝑙 𝑟

𝑟
𝑌𝑙𝑚 𝜃, 𝜙

𝜓 Ԧ𝑟 =
𝑢𝐸𝑙 𝑟

𝑟
𝑌𝑙0 𝜃

Where 𝑢𝐸𝑙 𝑟 is the solution of the radial wave function, which is expressed as the following in case of free 
particles (𝑉 𝑟 = 0):

−
𝑑2

𝑑𝑟2
+
𝑙(𝑙 + 1)

𝑟2
𝑢𝐸𝑙 𝑟 = 𝑘2𝑢𝐸𝑙 𝑟

The general solution of this equation is given by a linear combination of the spherical Bessel and Neumann 
functions

𝑢𝐸𝑙 = 𝐴𝑙𝜌 𝑗𝑙 𝜌 + 𝐵𝑙𝜌 𝑛𝑙 𝜌 , ρ = 𝑘𝑟

Thus one can generate plane waves from a linear combination of the spherical 
Bessel and Neumann functions:

𝑒𝑖𝑘. Ԧ𝑟 = 𝑒𝑖𝑘𝑟𝑐𝑜𝑠𝜃 =

𝑙

𝑎𝑙 𝐴𝑙 𝑗𝑙 𝜌 + 𝐵𝑙 𝑛𝑙 𝜌 𝑌𝑙0 𝜃
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Thus the scattered wave function is going to be 

A substitution of 𝑎𝑙 and 𝑗𝑙 𝜌 into the previous equation:

The right hand side of equation (1) has to take the folloeing form:

Where 𝛿𝑙 is the phase shifts. By comparison (1) and (2) one can fined:

𝑓𝑘 𝜃 =
4𝜋

𝑘


𝑙

2𝑙 + 1𝑌𝑙0 𝜃 𝑒𝑖𝛿𝑙 sin 𝛿𝑙 .

𝑒𝑖𝑘𝑟 ≅
4𝜋

𝑘
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(1) (2)Phenomenological Optical potential Microscopic Folding potential approach

The Optical Poential:
There are basically two ways to describe the optical potential:



Practical part
NRV knowledge base

The NRV web knowledge base is a unique interactive research system:
• Allows to run complicated computational codes

• Works NRV browser, which can be downloaded free

• Has graphical interface for preparation of input parameters and analysis of output results

• Combines computational codes with experimental databases on properties of nuclei and 
nuclear reactions

• Contains detailed description of models

http://nrv.jinr.ru



Practical part

Optical Model calculation with NRV OM code

Main steps of calculation: 
Physical

• Set projectile and target parameters (mass, spin, etc)

• Set the incident energy

• Set the parameters of the OM potential

http://nrv.jinr.ru



Practical part

Optical Model calculation with NRV OM code

Main steps of calculation: 
Numerical

• Set the radial step for integration

• Set the maximum radius R for integration

• Set the maximum angular momentum L

http://nrv.jinr.ru



Practical part

Optical Model calculation with NRV OM code

Main steps of calculation: 
Getting the results 

• The differential cross section in absolute value or ratio to Rutherford. 

• S-matrix

• The interaction potential

http://nrv.jinr.ru
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n+27Al elastic scattering:

Figure 1:

The elastic scattering differential cross section 

of n+27Al at different incident energies. The 

Woods-Saxon optical potential is used. The 

experimental data taken from [1]. 

[1] Koning, A., Delaroche, J.: Local and global nucleon optical models from 1 keV to 200 

MeV. Nuclear Physics A 713(3-4), 231-310 (2003). 
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Figure 2:
p+27Al elastic scattering:

The elastic scattering differential cross section 

ratio to Rutherford of p+27Al at different 

incident energies. The Woods-Saxon optical 

potential is used. The experimental data taken 

from [1]. 

[1] Koning, A., Delaroche, J.: Local and global nucleon optical models from 1 keV to 200 

MeV. Nuclear Physics A 713(3-4), 231-310 (2003). 



Optical Model parameters for n,p+27Al. For all energies rv=rw=1.168, av=aw=0.674, 
rs=1.295, as=0.533, rso=0.969, and aso=0.59. The radius and diffuseness parameters are 
given in fm, while the potential depths in MeV.



The energy dependence of the OP:-

𝑉 = −65.75 − 1.837
𝑁−𝑍

𝐴
− 14.41 𝐸𝑙𝑎𝑏 + 15.57 𝐸𝑙𝑎𝑏

0.988.

𝑟𝑣 = 1.11 + 0.0025 𝐴 − 1.95 × 10−5 𝐴2 + 5.59 × 10−8 𝐴3.

𝑎𝑣 = 0.563 + 0.0025 𝐴 − 9.8 × 10−6 𝐴2.

By studying the elastic scattering of protons with different incident energies and different 

targets, we got the following approximation relations for the real part of the optical 

potential.

These relations produce got fitting with the experimental data, as shown in the following 

figures:
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p+27Al elastic scattering:

Figure 3:

The elastic scattering differential cross section 

ratio to Rutherford of p+27Al at different 

incident energies. The solid lines show OM 

calculation results using Koning and 

Delaroche global optical potential [1] while 

the dashed lines show our results.

[1] Koning, A., Delaroche, J.: Local and global nucleon optical models from 1 keV to 200 

MeV. Nuclear Physics A 713(3-4), 231-310 (2003). 
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p+54Fe elastic scattering:

Figure 4:

The elastic scattering differential cross section 

ratio to Rutherford of p+54Fe at different 

incident energies. The solid and the dashed 

lines same as Fig. 3.

[1] Koning, A., Delaroche, J.: Local and global nucleon optical models from 1 keV to 200 

MeV. Nuclear Physics A 713(3-4), 231-310 (2003). 
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p+120Sn elastic scattering:

Figure 1:

The elastic scattering differential cross section 

ratio to Rutherford of p+120Sn at different 

incident energies. The solid and the dashed 

lines same as Fig. 3.

[1] Koning, A., Delaroche, J.: Local and global nucleon optical models from 1 keV to 200 

MeV. Nuclear Physics A 713(3-4), 231-310 (2003). 



Conclusions

• We studied the elastic scattering theory and the Optical Model.

• We derived the expressions for

– partial wave expansion of a plane wave, 

–a relation between the elastic cross section and phase shifts 

– a relation between the scattering amplitude and the phase shifts

• We applied the NRV OM code to study elastic scattering of 
proton and neutron off different targets at different energies

• We obtained approximate relationships for the real part of the 
optical potential that give good fitting with the experimental 
data. 

• Good agreement between calculation results and experimental 
data was achieved.




